We calculate the anomalous Hall conductivity σxy of the surface states in cubic topological Kondo insulators. We consider a generic model for the surface states with three Dirac cones on the (001) surface. The Fermi velocity, the Fermi momentum and the Zeeman energy in different Dirac pockets may be unequal. The microscopic impurity potential mediates mixed intra and interband extrinsic scattering processes. Our calculation of σxy is based on the Kubo-Streda diagrammatic approach. It includes diffractive skew scattering contributions originating from the rare two-impurity complexes. Remarkably, these contributions yield anomalous Hall conductivity that is independent of impurity concentration, and thus is of the same order as other known extrinsic side jump and skew scattering terms. We discuss various special cases of our results and the experimental relevance of our study in the context of the recent hysteretic magnetotransport data in SmB6 samples.
Topological Kondo Insulators. Topological insulators [1] [2] [3] remain a vibrant field of research in present day condensed matter physics. The main thrusts for this extraordinary scientific interest include the vast potential technological applications in the fields of nanoelectronics and quantum computation as well as the fascinating innovative realization of fundamental concepts from quantum field theory and differential geometry.
Among the various realizations of topological phases of matter, topological Kondo insulators (TKIs) [4, 5] , take a special place. Their topologically protected metallic surface states emerge as a result of the hybridization between weakly correlated conduction electrons and strongly correlated states. In particular, theories [6] [7] [8] [9] describing states on the (001) surface suggest a low energy Hamiltonian with three Dirac bands located at Γ, X and Y points of the surface Brillouin zone (BZ), see Fig. 1 . Main experimentally distinguishing characteristics of the TKIs are the saturation of resistivity at very low temperatures, pronounced temperature dependence of the magnetic susceptibility across a wide range of temperatures and a fairly narrow insulating gap [10, 11] . Intriguing recent experimental evidence for the TKI physics was reported in SmB 6 samples revealing the predicted surface dominated transport directly [12] , by thickness independent resistivity measurements showing the violation of Ohm's law [13] , and 2D (surface) weak antilocalization data [14] . Furthermore, characteristics of Dirac electrons were revealed using ARPES [15] [16] [17] and torque magnetometry [18] . In addition, hysteretic magnetotransport measurements have been reported by several groups [19, 20] . This effect can be attributed to ferromagnetic domains formed on the surface by unscreened samarium magnetic moments or samarium sesquioxide (Sm 2 O 3 ) impurities.
FIG. 1:
Dispersion relation of surface states in a TKI with cubic symmetry. We chose experimentally realistic parameters for the case of SmB6 [15] : Fermi velocities of 72 (26) meV · nm at the Γ (X and Y ) points, an offset EΓ ≈ 39 meV of the central Dirac cone, an ellipticity vX,y/vX,x ≈ 1.2, a reciprocal lattice constant 2π/a = 15 nm −1 . Further, we assumed a gap of 10 meV (20 meV) at the Γ (X and Y ) points.
It has been also proposed that the surface states in SmB 6 may be of conventional type [21, 22] , i.e. they have quadratic dispersion modified by the presence of strong spin-orbit coupling. Note, that in this scenario, the conduction states will remain decoupled from the Sm moments on the surface via the Kondo breakdown mechanism, so that ferromagnetic ordering of the samarium f -electrons would still be possible. This controversy -Dirac vs. conventional surface states -motivates us to study the magnetotransport properties of the surface states on the background of induced nonzero magnetization. Specifically, in this paper we calculate the anomalous Hall conductivity for a cubic topological Kondo insulator with three Dirac surface bands. Our results for the anomalous Hall conductivity allow us to elucidate experimentally distinguishable characteristics of the Dirac electrons and should help to resolve the controversy dis-
Diagrammatic representation and real space trajectories for extrinsic contributions to σxy. Quantum complexes responsible for the AHE are shown by an ellipse with focuses in points R1 and R2. In the noncrossing approximation, both skew-scattering (a) and side jump (b) contributions rely on coherent interband scattering between opposite branches of the Dirac spectrum. The corresponding virtual states as well as off-shell excitations entering crossed X and Ψ diagrams, (c) and (d) respectively, are marked by a yellow arrow in exemplary positions of the diagrams. Due to the uncertainty principle, the typical extension of a quantum complex is thus of the order of Fermi wavelength |R1 − R2| ∼ λF . cussed above.
Anomalous Hall effect. Electron transport in ferromagnets has a long history going back to E. Hall's 1881 discovery of the anomalous Hall effect (AHE) [23] , i.e. of a transverse conductivity σ xy generated by the magnetization (Zeeman coupling) rather than by orbital coupling to a magnetic field. To account for this effect, two equally appropriate techniques are commonly employed. First, in the semiclassical approach [24] different terms in σ xy stem from distinct physical mechanisms of intrinsic [25] , skew scattering [26] and side jump [27] contributions. Second, σ xy can be directly calculated using Kubo-Streda diagrammatic response theory [28] . Semiclassics appear to be more intuitive, while the diagrammatic treatment is more systematic. Notably, an additional skew scattering mechanism was discovered only very recently with the help of diagrams [29] [30] [31] . Physically, it originates from diffractive skew scattering off two impurities residing about one Fermi wavelength λ F from each other. Diagrammatically, these processes can be understood by considering crossed impurity lines in the conductivity bubble [see Fig. 2 (c), (d)], and can be equivalently treated in the semiclassical approach provided that crossed impurity lines are included into the full scattering amplitude. At first glance, this observation seems to be in sharp contrast with conventional wisdom of the impurity diagrammatic technique [32] that dictates that a single cross of impurity lines implies a rare disorder configuration and thus smallness in the parameter λ F /l 1, where l is the elastic mean free path. However, it should be stressed that even previously discussed [24-27, 29, 33] contributions of weak impurities to the AHE rely on rare impurity configurations (see Fig. 2 ). Therefore, both crossed and non-crossed diagrams are of the same order and suppressed by λ F /l as compared to the diagonal conductance. Diagrams with more than a single cross are even smaller [34] . These qualitative arguments are fully supported by the microscopic computation which we present in the remainder of the paper.
To make the diffractive analogy transparent we present in Fig. 2 examplary electron trajectories in real space. The probability
j of an electron reaching a point r B from r A is the square of the sum of the amplitudes for all paths i, j. In Fig. 2 , A i and A * j are represented by different colors and opposite orientation of arrows. In the noncrossing approximation, p 2 (c,d) ] constitute inherent parts of the skew scattering and should necessarily be included to properly compute the transverse conductivity. These terms can be distinguished from previously studied processes [ Fig. 2 (a,b) ] by means of their diffractive nature.
Model and Assumptions. We employ the diagrammatic approach to calculate the anomalous Hall response on the surface of 3D TKIs with cubic symmetry taking into account all the diagrams to the leading order in impurity concentration. For this purpose, consider the following low energy Hamiltonian
Throughout the paper, matrices in the space of Dirac pockets (DPs) are denoted by an underscore and have indices K, K ∈ {Γ, X, Y }. The symbol Π K denotes a projector on Kth DP. Rotational C 4 symmetry imposes
We count energies from the Dirac point of the X pocket, E X = E Y ≡ 0, and mo-
(a is the lattice spacing). For simplicity we omit the anisotropy of X and Y pockets and set = 1 in the intermediate formulas (we restore Planck's constants in the final expressions for σ xy ). The Hamiltonian in Eq. (1) contains just two essential ingredients for the finite AHE, namely spin-orbit coupling and magnetization (time reversal symmetry breaking), which is implicit in the mass term of the Dirac fermions.
Our model also contains uniformly distributed scalar impurities with isotropic potential u(|r |) which is shortranged on the scale of the smallest Fermi wavelength min
K where K = − E K and is the Fermi energy. Our calculation is controlled in the parameter n imp /n min 1 with n imp and n min = min K (n K ) being the impurity concentration and the carrier density of the least populated pocket respectively. We assume weak impurities and treat them in the leading Born approximation.
Technically, the anomalous Hall response involves virtual states (off-shell contributions) residing within the radius ∆p = 3 max K (p F,K ) around Γ, X, Y and M points of the BZ. As a consequence, the minimal three-band model Eq. (1) is applicable only for sufficiently small Fermi momenta max
π/a (see yellow plane in Fig. 1 ). Furthermore, the contribution to σ xy originating from the states in the vicinity of the M point is negligible provided Calculation and results. It is common to distinguish the following two contributions to the anomalous Hall conductivity σ xy = σ I xy + σ II xy :
Tr ĵ
(2) The angular brackets denote disorder average in this expression.
The bare current operators areĵ µ = diag (v Γ σ µ , vσ µ , vσ µ ), while the clean Green's functions at the Fermi energy are G
The disorder average leads to a finite self-energy entering the Green's function. We find in momentum space,
K . Here we also introduced the total scattering rates in the pocket K
as a function of intra-(K = K) and interpocket (K = K) scattering rates Γ K→K →K and Γ
(m)
K→K →K . Here,
2 K is the density of states. Furthermore we introduced the matrix
We now turn our attention to the Hall response. When the Fermi energy lies in the gap, | K | < |m K |, the contribution of the Kth DP to the Hall response is
and stems from σ II xy , only. The half-integer quantization is a consequence of fermion number fractionalization [35] [36] [37] . This result can be understood in terms of the intrinsic mechanism, so called anomalous velocity contribution to AHE, as originally introduced by Karplus and Luttinger [25] . Its topological origin was realized much later [38] , and can be equivalently understood in terms of the Berry curvature that acts as an effective magnetic field for electron wave-packet motion in parameter space of momenta. Indeed, Hall conductivity can be presented as 
3/2 so that upon momentum integration Eq. (6) follows.
In contrast, outside the gap the contribution of σ II xy is subleading in n imp /n min 1. We therefore now focus on the contribution of σ I xy . We switch to a matrix representation in DP space and find
In this expression, the bare velocity vertex is v = (v Γ , v, v) and the trace over spin space was already performed. The various contributions have the following origin [cf. Fig. 2 ]: F is the noncrossed vertex correction, in which at each stringer a of the ladder only contributions which are on-shell were kept; b is also part of the ladder in diagram, but involves contributions away from the Fermi surface; finally x [ψ] originates from the central part of diagrams (c) and (d). All the elements of Eq. (7) are derived explicitly in Ref.
[35] in terms of the microscopic parameters of the model. The anomalous Hall response, Eqs. (7), constitutes the main result of our work. Unlike previous calculations of the AHE in multiband systems [39, 40] , we included diagrams with crossed impurity lines as they equally contribute to the leading order approximation. The common physical origin of crossed diagrams manifests itself in the complementary contributions from the off-diagonal terms in x KK and ψ KK .
Discussion. We now analyze our general result Eq. (7) in various simplifying cases. We consider both particular limits of the impurity potential u(x ), and special values of the parameters entering the clean Hamiltonian (1) .
(i) Smooth disorder potential. We first consider the case when u(x ) is smooth on the scale of the lattice constant a. Interband scattering is negligible and we obtain
The anomalous Hall conductivity of a single Dirac cone is [30] 
(9) It should be noted that in this case there is no contribution from the Ψ skew scattering diagrams [see Fig. 2 (d) ] as they vanish. This pecularity is accidental and specific to the single Dirac cone limit. It can be traced back to the destructive interference of scattering from two-impurity complexes as evidenced from the plot of the probability p Ψ AB in Fig. 3 . The result for smooth disorder potential is plotted in Fig. 4 using dotted curves.
(ii) Fermi momentum in the gap. In what follows we restore the possibility of nonzero interpocket scattering. When 2 < m 2 , i.e. when the Fermi energy is in the gap of X and Y pockets, the problem essentially simplifies to a single Dirac cone and Eq. (8) holds again (using 2σ 
) and is independent on the ratio W XY /W .
(iii) Equal DPs. We next consider the situation when the three DPs are equal, i.e. E Γ = 0, v Γ = v and m Γ = m. The general expression for the Hall conductance is presented in Ref. [35] . We note that for smooth disorder potential, the effect of intraband scattering enters only to second order ( 2 > m 2 ) the weak-antilocalization effect [41] in SmB 6 samples [14, 20] suggests that this limit is most important for present day experiments. The explicit formula of σ xy ( /m, Γ /m) for the case v Γ = v, and m Γ = m has been relegated to Ref. [35] . If Γ = this result further simplifies to
A graphical comparison between the cases of smooth disorder and point like impurities is shown in Fig. 4 . It should be noted, that in the limit of short range scatters our result for the Hall conductance ceases to be a continuous function: it displays discontinuities at K = m K . A similar behavior was recently found in the BychkovRashba model [31] . This is an artifact of an approximation that exploits the basic assumption n imp n min . As a consequence, our result is not applicable in the energy window | K − m K | Γ. A more elaborate calculation should reveal smoothening of the discontinuities in the immediate vicinity of the band edges.
Conclusion and outlook. We have derived the anomalous Hall response Eq. (7) on the surface of a cubic topological Kondo insulator. We investigated a surface state model with three Dirac fermions plus an incipient forth M -band in the generic case allowing for unequal Fermi and Zeeman energies as well as unequal Fermi velocities. We have analyzed several limiting cases of our general result Eq. (7). As a byproduct of this analysis, we found that a system of two equal Dirac cones (as it occurs in Graphene) displays an AHE which is universal and independent of details of the scattering potential.
Inasmuch experiments on TKIs are concerned, our most important conclusion is that the magnetization and gate voltage dependence of the AHE can be used to gain information about the microscopic nature of surface states and impurities. Indeed, the analysis of various limiting cases of the three-band Dirac model reveals that the large energy asymptote of the anomalous Hall response scales as (m/| |) 3 in the case of smooth impurity potential while σ xy ∼ m/| | for short range scatterers. This behavior persists in the generic result. In contrast, in the Bychkov-Rashba model σ xy ∼ m/ 2 [31] .
As mentioned in the introduction, present day experimental samples are believed to host a multitude of large ferromagnetic domains. In our theory, smooth fluctuations of the magnetization can be taken into account by averaging the final result. Even after this procedure, the asymptotics allow to distinguish smooth and sharp impurity potentials in the described manner. Up to now magnetotransport experiments on TKIs concentrated a hysteretic behavior in the longitudinal conductance. Systematic investigation of the transverse conductance is still needed.
In this paper we analyzed the semiclassical AHE and uncovered the importance of diffractive skew scattering in the context of topological Kondo insulators. In a parallel vein, our results have further rich consequences for anomalous transport phenomena in other multiband material systems such as Weyl semimetals [42] and chiral p-wave superconductors [43] [44] [45] . Quantum effects, such as interaction and localization corrections to the conductivity tensor, the quantum AHE [46] [47] [48] and the surface state quantum Hall effect [37, [49] [50] [51] on TKIs remain a theoretical and experimental challenge for the future.
Supplementary Materials For Anomalous Hall Effect on the surface of topological Kondo insulators

SUMMARY OF RESULTS FROM SUPPLEMENTARY MATERIAL Expressions entering Eq. (7) of the main text
We here express all quantities of Eq. (7) of the main text in terms of microscopic parameters. The contributions from non-crossing diagrams are
while diagrams (c) and (d) of Fig. 2 involve
Note the complementary contributions of x KK and ψ KK . We introduced the following dimensionless functions
Anomalous Hall effect for equal Dirac pockets
In this section we present the general formula for the AHE in the case of equal Dirac pockets, i.e. E Γ = 0, v Γ = v and m Γ = m:
Here we introduced the notation
These expressions are the origin of Eq. (10) 
In this supplementary material we present details regarding the calculation of Eq. (7) and (S1) of the main text.
Average Green's function
We first present the calculation of the average Green's function in the limit n imp. n min . In this limit the retarded self-energy approximately becomesΣ
Here, {R j } are the impurity positions and the T-matrix t R Rj of a single impurity is calculated at the level of Born approximation, see Fig. S1 . Upon disorder average denoted by angular brackets we obtain
We introduced the symbol p = d 2 p/(2π) 2 . Momentum conservation (reobtained after impurity average) forbids off-diagonal matrix elements in Dirac pocket (DP) space. We absorb the real part of the self-energy into a redefinition of E K and m K . The imaginary part of the self-energy leads to the scattering rates presented in Eqs. (4) of the main text.
In our calculations, we formally do not only include the Born approximation diagram, Fig. S1 , but also the resummation of rainbow diagrams (self consistent Born approximation) and diagrams with a single intersection of impurity lines. To the leading order, this does not alter the result for the scattering rates, Eqs. (4).
Current vertex and non-crossing approximation
We first consider the dressed velocity vertices. In view of momentum conservation it is useful to represent the left (right) current vertices as row (column) vectors in DP space, and, at the same time, as vertices in spin space, i.e. in formulasĵ
where, on the bare level,
For the resummation of impurity potentials at the left vertex, we will need the following integral (which is a matrix in spin space and a matrix element of the diagonal matrices I
Similarly, we also need for the right vertex the object
The diagonal matrices a and b are presented in Eq. (S1b) and (S1c) of the main text. We readily find
and analogouslyĵ
The result for σ I xy in the non-crossing approximation immediately follows
X and Ψ diagrams
We will distinguish diagonal ("intraband") and off-diagonal ("interband")parts of the matrices X = 2axa and Ψ = 2aψa introduced in Eq. (7) of the main text. For the evaluation of X and Ψ diagrams we define the following quantities : 
and (assuming
Here, J 0 (x) and Y 0 (x) are the zeroth Bessel functions of first and second kind.
In the evaluation of diagrams, we use σ xy = −σ yx and the fact that only the symmetric part of 3 × 3 matrices X and Ψ enters the Hall conductance. This section of the supplementary material will be devoted to the calculation of those matrices. The matrices X and Ψ are diagrammatically represented by diagrams analogous to Fig. 2, (b)-(d) , of the main text, but the vertex correction should be omitted and is incorporated separately in the final result.
Momentum conservation
We label X and Ψ-diagrams with momentum variables, see Fig. S2 . We readily conclude from momentum conservation that for the X diagram
Since we assume distant Fermi surfaces, p F,K π/a, this implies
Analogously we analyze the Ψ diagram. As compared to the X diagram, momentum conservation and the assumption of distant Fermi surfaces now imply
Note that Eqs. (S18a) and (S19a) are to be understood modulo a reciprocal lattice vector (Umklapp scattering). In particular, there is an Umklapp Ψ diagram in which
Integrals over Bessel functions
The evaluation of X and Ψ diagrams involves various integrals over Bessel functions. These are
I
(1)
A (1/r) + I
Details on the evaluation of such integrals can be found in Ref.
[S31].
X diagram: Intraband contribution
For this contribution we find
Here, and in the evaluation of all other X and Ψ diagrams, the symbol . = denotes that momenta p 1 and p 2 are to be taken on-shell, such that (
We readily see from the first line, that contributions arise only if both Let's now consider the interband contribution from X diagram:
This contribution is
Note the similarity between this expression and X KK | K =K .
Ψ diagram: Straight interband contribution
We first consider the case of straight scattering in the interband contribution, i.e. K 1 = K 3 = K 2 = K 4 . Antisymmetrization of σ xy and symmetrization of Ψ KK lead to
Note the cancellation between this diagram and X KK | K =K .
Ψ diagram: Umklapp interband contribution
We now turn our attention to the interband Umklapp process, again we symmetrize Ψ in pocket space and use antisymmetry of σ xy
In conclusion, we require either a sufficiently large gap at the M-point or considerable flatness of the spectrum.
In conclusion, this supplementary material was devoted to the derivation of the anomalous Hall response presented in Eqs. (7) of the main text and (S1) of this supplementary material. There, the contribution of diagrams with crossed impurities, Eqs. (S22)-(S25) of this section, was rewritten with the use of Eqs. (S2).
